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Abstract—This letter proposes a new optimal ordering method
which minimizes error propagation in the vertical Bell-lab Lay-
ered Space-Time (V-BLAST) by exploiting the whole filter output.
A suboptimal ordering metric is also proposed which requires
much reduced complexity compared to the optimal ordering
metric. We also derive a simplified version of the suboptimal
ordering metric which achieves a significant performance gain
over the conventional ordering with minor additional complexity.

Index Terms—Multiple-input multiple-output (MIMO) sys-
tems, vertical Bell Labs layered space-time (V-BLAST), detection
ordering.

I. INTRODUCTION

THE layered space-time architecture proposed in [1] is
capable of achieving extremely high spectral efficien-

cies by employing multiple antennas at both transmitter and
receiver sides. To realize such gains, the vertical Bell-lab
Layered Space-Time (V-BLAST) structure has been proposed
in [2]. A detection approach known as nulling and canceling
gives a good trade-off between performance and complexity.
However, its performance is largely affected by an ordering
scheme which determines the order of substreams to be
detected and canceled [2]. Also a performance loss due to
incorrect decisions in previous substreams is inevitable. A new
filter design which takes incorrect decisions into account has
been studied in [3] and [4].

The detection ordering techniques introduced in [5] and [6]
achieve a performance gain over the conventional mean square
error (MSE) ordering schemes by exploiting the instantaneous
noise. Especially, the metric of each substream of the log-
likelihood ratio (LLR) based ordering scheme in [5] depends
on the filter output of the corresponding substream.

Motivated by the work in [5], in this letter, we first propose
an optimal ordering for the V-BLAST which minimizes the
error propagation by selecting a substream corresponding to
the largest reliability with an assumption of error free deci-
sions. Unlike [5], the proposed ordering scheme provides the
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exact reliability of data decisions by considering correlations
among noise terms at the filter output.

This optimal ordering metric may require high complexity
which increases exponentially with the number of transmit
antennas. To circumvent this issue, we propose a suboptimal
ordering metric with reduced complexity at the expense of
a little performance loss. Also, a simplified version of the
suboptimal ordering metric is presented which provides a
significant performance gain over the conventional scheme
with slightly increased complexity. Simulation results show
that the proposed ordering scheme combined with the real-
valued system achieves a performance gain of up to 13 dB
at a symbol error rate (SER) of 10−4 over conventional MSE
ordering schemes.

II. SYSTEM DESCRIPTIONS

Consider V-BLAST systems with Nt transmit and Nr

receive antennas. At the transmitter side, the data stream is
demultiplexed into Nt parallel substreams, and each substream
is transmitted via individual transmit antennas. The receiver
is assumed to have the perfect knowledge of the channel state
information. Throughout this letter, normal letters represent
scalar quantities, boldface lowercase letters indicate vectors
and boldface uppercase letters designate matrices. E(·) ac-
counts for expectation. Also, (·)T and (·)H represent the
transpose and the conjugate transpose, respectively.

The received discrete-time complex baseband signal vector
r = [r1 r2 · · · rNr ]T can be written as

r = Hx + n, (1)

where the (i, j)th component of the Nr × Nt channel matrix
H, denoted by hij , represents the channel fading coefficient
from the jth transmit antenna to the ith receive antenna
which is modeled as an independent and identically-distributed
(i.i.d.) complex Gaussian variable with zero mean and unit
variance, x indicates the Nt-dimentional transmitted signal
vector with the covariance matrix EsI, and n is assumed to be
the Nr-dimensional complex noise vector whose elements are
modeled as samples of independent complex Gaussian random
variables with zero mean and variance σ2

n.
The conventional minimum mean square error (MMSE)

equalization matrix W is given as

W = [wT
1 wT

2 · · · wT
Nt

]T =
(
HHH + αI

)−1

HH

where α denotes σ2
n

Es
. Applying this equalizer matrix into

Equation (1) yields the filter output

y = Wr = WHx + ñ (2)

where ñ = Wn. Here the filter output noise ñ is processed
by W and thus becomes correlated.
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The covariance matrix Re of the estimation error e = x−
Wy is given as

Re = E
(
eeH

)
= σ2

n

(
HHH + αI

)−1

.

Denoting σ2
j as the MSE of the jth symbol estimate, σ2

j is
equal to the jth diagonal element of Re. The conventional
MSE ordering selects a substream with the minimum σ2

j .

III. OPTIMAL DETECTION ORDERING

In this section, we propose a new optimal detection ordering
scheme. Let x(1) and x̂(1) be the transmitted symbol and the
estimated symbol, respectively, for the first detected layer.
Given the received signal vector y, the symbol error proba-
bility of the first detected layer, denoted by P (x(1) �= x̂(1)|y),
can be minimized by selecting a substream with the maximum
P (xi = x̂i|y) and this results in

P (x(1) �= x̂(1)|y) = 1 − max
i

P (xi = x̂i|y). (3)

Now we derive a metric to determine (3). Considering an
M -ary constellation M = {s1, s2, · · · , sM}, we define the
pairwise LLR as

ζi,m = ln
P (xi = x̂i|y)
P (xi = sm|y)

. (4)

Assuming that each symbol is transmitted with an equal
probability, (4) can be expressed by

ζi,m = ln
p(y|xi = x̂i)
p(y|xi = sm)

= ln

∑
x∈S

x̂i
i

p(y|x)∑
x∈Ssm

i
p(y|x)

(5)

where Sd
i represents the transmitted signal vector set whose

symbol at the ith substream is d ∈ M. Since ñ is a Gaussian
random vector, the conditional pdf p(y|x) in (5) can be
computed as

p(y|x) = pñ(y − WHx) =
1

πn(detRñ)
×

exp
(
−(y − WHx)HR−1

ñ (y − WHx)
)

(6)

where the covariance matrix of ñ, defined by Rñ, is given as

Rñ = E
(
ññH

)
= σ2

n

(
HHH + αI

)−1

HHH
(
HHH + αI

)−1

.

Using (4) and the equality
∑M

m=1 P (xi = sm|y) = 1, the
symbol error probability of the ith symbol P (xi �= x̂i|y) is
given by

P (xi �= x̂i|y) = 1 − 1∑M
m=1 exp (−ζi,m)

.

Then it follows that the optimal ordering is equivalent to
detecting a substream with

min
M∑

m=1

exp (−ζi,m).

Thus, by exploiting the whole received vector in (4), the
optimal ordering can enhance the performance over the con-
ventional MSE ordering. Moreover, as the proposed ordering

extracts the exact reliability information of the decision on
xi based on the whole relevant information y, the optimal
ordering outperforms the LLR-based ordering in [5] as will
be verified in the simulation section. For high modulation
level, the optimal ordering may require high computational
complexity, as the search candidate number of the elements
in Ssm

i in (5) grows exponentially with the number of transmit
antennas.

IV. SUBOPTIMAL DETECTION ORDERING

In this section, we derive suboptimal ordering schemes
with reduced complexity compared with the optimal ordering
presented in Section III. First, we consider a suboptimal
ordering scheme by taking yi only instead of y. Then, we fur-
ther introduce a simplified version of the suboptimal scheme
without any performance loss.

Denoting hi as the i-th column of H, from Equation (2),
the ith filter output yi is expressed as

yi = wir = wihixi +
Nt∑

j=1,j �=i

wihjxj + win = βixi + wi.

(7)
where βi = wihi is a bias introduced by the MMSE equalizer
and wi =

∑Nt

j=1,j �=i wihjxj + win denotes the residual
interference plus noise. From Equation (7), the variance σ2

i,w

of wi is given by

σ2
i,w =

Nt∑
j=1,j �=i

|wihj |2Es + ||wi||2σ2
n.

A. Neighbor’s Likelihood Sum Ordering

It is straightforward to show that

arg max
i

P (xi = x̂i|y) = arg max
i

p(y|xi = x̂i)

= arg min
i

∑
sm �=x̂i

p(y|xi = sm).

Then, the above expression can be approximated by

argmin
i

∑
sm �=x̂i

p(yi|xi = sm). (8)

We assume that wi in (7) has a complex Gaussian distribu-
tion with zero mean and variance σ2

i,w. Thus, the conditional
pdf p(yi|xi = sm) in (8) can be computed as

p(yi|xi = sm) =
1

πσ2
i,w

exp

(
−|yi − βism|2

σ2
i,w

)
.

To simplify the computation, the term 1
πσ2

i,w
in the above pdf

can be neglected. Then, (8) becomes

argmin
i

∑
sm �=x̂i

exp

(
−|yi − βism|2

σ2
i,w

)
. (9)

This suboptimal ordering thus selects a substream with the
minimum sum of likelihood11 for candidate symbols except
the detected symbol x̂i. We refer to this ordering as the

11Likelihood is the hypothetical probability that an event which has already
occurred would yield a specific outcome.
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TABLE I
EQUIVALENT EXPRESSIONS OF |yi − βis̄m|2 FOR 4PAM

�[yi] |yi − βis̄m|2

0 ≤ ∣∣�[yi]
∣∣ <

√
Es
5

|yi|2+ β2
i

Es
5

+ 2βisgn (�[yi])
√

Es
5
�[yi]√

Es
5

≤∣∣�[yi]
∣∣<2

√
Es
5

|yi|2+9β2
i

Es
5

−6βisgn (�[yi])
√

Es
5
�[yi]∣∣�[yi]

∣∣ ≥ 2
√

Es
5

|yi|2+ β2
i

Es
5

−2βisgn (�[yi])
√

Es
5
�[yi]

TABLE II
THE NUMBER OF FLOATING POINT MULTIPLICATIONS FOR THE PROPOSED

ORDERING SCHEMES

NLS Simplified NLS

Compute
W, βi, σ2

i,w
5N4 + 8N3 + 3N2 5N4 + 8N3 + 3N2

Compute yi 2N3 + 2N2 2N3 + 2N2

Compute
the metrics (3.5M − 0.5) N2 (0.5M + 3.5) N2

Cancelling 4N2 4N2

Total
5N4 + 10N3+

(3.5M + 8.5)N2
5N4 + 10N3+

(0.5M + 12.5)N2

neighbor’s likelihood sum (NLS) ordering. The number of
candidate search in (9) equals (M − 1) · Nt, while that for
the optimal ordering in (5) is MNt . Thus the complexity is
significantly reduced at the expense of a small performance
loss.

B. Simplified NLS Ordering

We may further simplify (9) by considering only the domi-
nant term. Let s̄m be the second nearest symbol from yi. Then
Equation (9) in the NLS ordering can be approximated as

argmin
i

∑
sm �=x̂i

exp

(
−|yi − βism|2

σ2
i,w

)

≈ arg max
i

(
|yi − βis̄m|2

σ2
i,w

)
. (10)

Note that the computation of (10) still requires searching s̄m

with the second nearest distance from yi.
In what follows, we introduce equivalent expressions for the

computation of Equation (10) for BPSK and 4QAM which do
not require searching s̄m. The numerator term |yi −βis̄m|2 in
Equation (10) can be expanded as

|yi|2 + β2
i |s̄m|2 − 2βi|yi||s̄m| cos (θyi − θs̄m)

where θx denotes the phase of x. Here, it can be
shown that cos (θyi − θs̄m) is simplified to −| cos (θyi)| and
| cos

((
θyi mod π

2

)
+ π

4

)| for BPSK and 4QAM, respectively.
Therefore, we can compute (10) for BPSK as

argmax
i

(
|yi|2 + β2

i Es + 2βi

√
Es|yi|| cos θyi |

σ2
i,w

)
. (11)

Similarly, the ordering metric (10) for 4QAM can be expressed
as

argmax
i

(
|yi|2 + β2

iEs−2βi

√
Es|yi||cos

((
θyi mod π

2

)
+ π

4

)|
σ2

i,w

)
(12)

where ’mod’ denotes the modulo operation.
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Fig. 1. Symbol error probability for 4QAM with ZF filters.
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Fig. 2. Symbol error probability for 16QAM with ZF filters.

As a result, these simplified ordering (11) and (12) do
not need to perform any candidate search for s̄m. Also, the
complexity associated with this ordering is even lower than
the LLR-based ordering. This ordering will be referred to as
the simplified NLS ordering. The computation |yi−βis̄m|2 for
4PAM listed in Table I can be applied to the 16QAM case. It is
straightforward to extend this method to other constellations.

In Table II, we present the number of floating point multi-
plications required in the proposed NLS ordering schemes for
the case of Nt = Nr = N . We have assumed that the inversion
of an L-by-L matrix takes O (L3

) ≈ L3 multiplications [7].
Also, the operations of order smaller than N2 are neglected for
simplicity. We can see that the simplified NLS ordering shows
the complexity savings of order N2 over the NLS ordering.

V. SIMULATION RESULTS

In this section, we present the simulation results for various
ordering schemes. Fig. 1 shows the SER for 4QAM with
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Fig. 3. Symbol error probability for 4QAM with MMSE filters.
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Fig. 4. Symbol error probability for 16QAM with MMSE filters.

Nt = Nr = 4 with zero forcing (ZF) filters. In the 4QAM
case, the curve of the NLS ordering is not depicted since
it shows almost the same performance as the simplified
NLS ordering. In the legend, the prefix ”R-” indicates the
ordering scheme combined with the real-valued system. The
application of the equivalent real-valued model to V-BLAST
detection was introduced in [8]. The proposed NLS ordering
scheme combined with the real-valued model outperforms the
conventional MSE ordering by 13 dB at a SER of 10−4. The
gain of the proposed ordering scheme over the conventional
LLR method increases from 4.5 dB to 11 dB at a SER of 10−4

by adopting the real-valued model instead of the complex-
valued model. Similarly, Fig. 2 provides simulation results for
the case of 16QAM. It is clear from the plot that the real-
valued system provides a 6.5 dB gain when combined with
the proposed ordering schemes.

In Figures 3 and 4, we consider the V-BLAST with an
MMSE filter in the 4×4 system for 4QAM and 16QAM. When

combined with the real-valued system, the proposed optimal
ordering scheme achieves the optimal maximum likelihood
(ML) performance. Also the performance of the proposed sim-
plified NLS ordering scheme with much reduced complexity
is just less than 1 dB away from the ML performance in Fig.
3. The simplified NLS ordering results for the 16QAM in Fig.
4 are obtained using Table I. Compared to the conventional
MSE ordering, the proposed ordering achieves a 5 dB gain
with only minor additional complexity.

VI. CONCLUSIONS

In this letter, we have proposed an enhanced ordering
scheme for V-BLAST systems which minimizes the overall
SER performance. By utilizing the whole filter output, we
have derived the optimal ordering which extracts the exact
reliability information of decisions. Also, the NLS ordering
is proposed which requires much reduced complexity than
the optimal ordering. Further, we have presented a simplified
NLS ordering which can obtain a significant performance gain
over the LLR-based ordering with reduced complexity. The
simulation results confirm that the proposed ordering schemes
are quite effective in reducing the effect of error propagation.
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