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Abstract

We analyze the internal structure of the multiresolution analyses of L?(R?) defined by
the unitary extension principle (UEP) of Ron and Shen. Suppose we have a wavelet tight
frame defined by the UEP. Define V{, to be the closed linear span of the shifts of the scaling
function and Wy that of the shifts of the wavelets. Finally, define V; to be the dyadic
dilation of V. We characterize the conditions that V; = Wy, those that Vi = Vy + W,
and those that Vi = Vj & Wy. In particular, we show that if we construct a wavelet
frame of L%(R) from the UEP by using two trigonometric filters, then V3 = V; 4+ Wy; and
show that Vi = Wy for the B-spline example of Ron and Shen. A more detailed analysis
of the various ‘wavelet spaces’ defined by the B-spline example of Ron and Shen is also
included.
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1 Introduction and main results

The purpose of this article is to analyze the internal structure of the multiresolution analyses
(MRASs) defined by the unitary extension principle (UEP) of Ron and Shen [7, 10, 21], which
is a powerful generalization of the construction of orthonormal wavelets by Daubechies [8, 9].
First, we introduce a dyadic version of the UEP. The following form of the Fourier transform
is used throughout this article: f(z) := Jpa f(O)e72m @t qt if f e L2(RY) N LY(RY); and A is
extended to be a unitary operator on L?*(R?) by the Plancherel theorem.

Let ¢ be a refinable function in L?(R?) such that
@(2x) = mo(z)p(x) ae. zeRY, (1.1)

for some mqo € L?(T?), where T¢ := R?/Z? is the d-dimensional torus which is conveniently

identified with [~1/2,1/2]¢ or [0, 1]9. We further assume that:

lim $(2z) =1 ae. zeR% (1.2)
Jj——00

D gz + k)P € Lo(TY). (1.3)
kezd

Moreover, define 11,19, - - - , 1, via

A~

Y1(2z) == my(x)p(x), 1<I1<n, (1.4)
for some my, ma, - -+ ,m, € L>®(T?). It is easy to see that ¢, € L>(R?) for each I = 1,2,--- ,n.
The 1-periodic functions myg, - -+ ,m,, are called the filters (or masks). Let
Q:={q,q2, - ,qoa} :={0,1} = 72/27¢, (1.5)
and define
mo(e ) mo(e+g) o mola+ )
my(z+2) my(z+2) - my(c+ %
o [T e ) ) | .
Moo+ 8) ma (e ) o (o )

For y € R? and f € L%(R%), T, denotes the unitary translation operator such that T, f(z) :=
f(z —y) and D denotes the unitary dyadic dilation operator such that Df(z) := 242 f(2x).



Proposition 1.1 (UEP of Ron and Shen [21]) Suppose that the refinable function ¢ and
the filters mgo,my,--- ,my, satisfy (1.1), (1.2) and (1.3). Define 11,12, ;b by (1.4). If
M (z)*M(z) is the identity matriz for a.e. v € o(Vp) := {z € T?: Y, oy |p(x + k)[> # 0},
then {DiTypy - j € Z,k € Z41 <1 < n} is a tight frame (called wavelet frame) for L*(R?)
with frame bound 1, where M (x) is defined as in (1.6).

The following is an example of UEP filters by Ron and Shen [23] (see also [5, Section
14.3]), which generate the B-spline wavelet frame of L?(R): For a fixed positive integer ,
define trigonometric filters

2%\ /2
my(x) = < l ) sin' (7z) cos®* mz), 1 =0,1,--- , 2k. (1.7)

Let ¢ € L?(R), which is a cardinal B-spline of order 2k, be the refinable function with the

P(z) = (Sln(wx))% (1.8)

low-pass filter mg such that

T

It is known that ¢, mg, m1, - - - , mag satisfy all the requirements of the UEP. In this case the

number n of the generators of the wavelet frame is 2k, which is strictly greater than 1.
Suppose we have a scaling function ¢ € L? (]Rd) and a collection of filters mg, m1,--- ,my, €

L?(T) satisfying Proposition 1.1. We define an MRA derived from the UEP.

Vo :=span{Tyyp: k€ 79},
Wy = SPW{TMM k€ Zd, 1< < n}; (19)
Vi =DW).

In particular, V; = span{DTyp : k € Z?}. Then, we have Vi C V; and Wy C V4 by (1.1),
(1.3) and (1.4). In this article we characterize the conditions that V; = W{ and those that
Vi =Vo+ Wo, e, Vi =V + Wy and Vo N Wy = {0}, and those that V; = Vj & Wy (Section

3). In particular, we show that:

Theorem 1.2 If we construct a wavelet tight frame of L*(R) by the UEP using two trigono-
metric filters my and my (a single wavelet case), then Vi = Vo + Wy. On the other hand,
suppose that we construct a wavelet tight frame of L*(R) by using n + 1 trigonometric fil-

ters mg,- -+ ,my for some positive integer n greater than 1. Then either Vi = Wy or there



exist a positive integer i € {1,2,--- ,n} and scalars A\j for j € {1,2,--- ,n} \ {i} such that

mj = Ajm;. In particular, if we use the filters in (1.7), then Vi = Wy.

The following theorem gives more detailed information about the internal structure of the
MRA derived from the B-spline example of Ron and Shen. Let g := ¢, where ¢ is defined
as in (1.8), my,l =0,1,--- ,n := 2k, the filters as in (1.7), and ¢;,l = 1,--- ,n, the ‘wavelets’
defined as in (1.4). Define

Wél) :=span{TyYy: k€ Z}, 1=0,1,--- n.

For the sake of the consistency of the notation we let V4 := Wéo), Wy := span{Ty¢; : k €
Z,1 <1 <mn}, and Vi = D(Vy), where D is now the 1-dimensional dilation operator. Recall

that Wy = V4 by Theorem 1.2. We now have:

Theorem 1.3 For 0 < j <i<n=2k, Wéj) + Wo(i) is closed if and only if i — j is odd and
j <k <i. In this case Wéj) + Wéi) =VW.

The rest of this article is organized in the following manner: We first review those parts
of shift-invariant space theory which are needed in our discussion in Section 2. Then we
count the fiber-wise dimensions of the three spaces, Vo, Wy and V) by extending the ideas
in [16, 18, 19] and give general results on the structure of the MRAs defined by the UEP
in Section 3. More precisely, suppose we have an MRA of L?(R%) defined by the UEP. We
first characterize the conditions that V3 = Wy (Theorem 3.4). We, then, characterize the
conditions that V3 = V) + Wy (Theorem 3.8) and those that V; = Vo @ Wy (Theorem 3.9). A

proof of Theorem 1.2 is given in Section 4 and another of Theorem 1.3 in Section 5.

2 A glimpse at shift-invariant space theory

In this section we review the necessary parts of the theory of shift-invariant subspaces of
L?(R%) for the sake of completeness. All of the results we review, save Proposition 2.3 and
Lemma 2.4, are contained in [1, 2, 3, 11, 12, 20, 21, 22]. A closed subspace S is said to
be a shift-invariant subspace of L?(R?) if it is invariant under each (multi-)integer shifts,

ie., TpS C S for each k € Z. For & C L*(RY) S(®) := span{Trp : k € Z% p € ®} is



obviously a shift-invariant subspace. It is said to be the shift-invariant subspace generated
by ®, and ® is said to be a generating set of S(®). Any shift-invariant subspace of L?(R%)
has an at most countable generating set. If S is a shift-invariant subspace, define its length
via len S := min{#® : S := S(®)}, where # denotes the cardinality. For f € L?(R%) and
r € RY, me denotes the sequence (f(x + k))gcza which is in £2(Z%) a.e. For any subset A of
L*(R%) and z € RY, let A||x = {fo : f € A}, If S is a shift-invariant subspace, then S\|x is
called the fiber of S at € RY. We have the following formula for the length of S ([1]):

len S = ess-sup{dim §||x cx € T, (2.1)

The following standard theorem is usually called the fundamental theorem of shift-invariant

subspace of L?(RY).

Proposition 2.1 ([1, 2, 11, 12]) If a shift-invariant subspace S is generated by ®, i.e.,
S =8(P), then, ng = spanci)Hx for a.e. & € T?. Moreover, a square integrable function f is

in S if and only z'ffo € ‘§|\x a.e. v € T?.

For a shift-invariant subspace S, the spectrum o(S) of S is defined to be the set {z € T :
S'Hx # {0}}. We have the following obvious corollary.

Corollary 2.2 Suppose that S1,S2 are finitely generated shift-invariant subspaces such that
S1 C Sy. Then Sle - §2Hx a.e. © € T4 In particular, S; = Sy if and only if dim ngw =

dim §2|\x for a.e. x € 0(S3).

The following proposition, which is Theorem 2.3 of [14], characterizes the condition for the
sum of two singly generated shift-invariant subspaces of L?(R%) to be closed. It was originally
stated for R, but the proof easily generalizes for R%. See [17] for a general characterization
of the conditions for the sum of two, possibly infinitely generated, shift-invariant subspaces

of L2(R%) to be closed.
Proposition 2.3 ([14]) Let U :=S({p}),V = S{¥}), and let

E:={zxco(V)Nao(W): ¢, and J’Hx are linearly independent}.



Then U +V is closed if and only if either |E| =0, or

‘ <¢||;m 1/3\@>
ess-sup ¢ — -
z€E | @zl 1Y)z le2z)

(2.2)

We need the following lemma which extends [14, Lemma 2.2]. A proof can be found in

[17, Lemma 3.4].
Lemma 2.4 For two shift-invariant subspaces U and V of L*(R%), we have

o(UNV) = {az €T : Uy NV, # {0}} c o(U)Nna(V).

3 General results on the internal structure

Suppose that ¢, mg, - - - , m,, satisfy all the UEP requirements of Proposition 1.1. Suppose also
that 1, -+ , ¢, are defined by (1.4) and that Vj, Wy and V; are defined as in the paragraph
preceding Theorem 1.2. Recall that Vo = S({p}) and Wy = S{¢)1, %2, ,¥n}). We now
review the method of counting the fiber-wise dimensions of finitely generated shift-invariant
subspaces and improve some material contained in [16, 18, 19].

First note that each k € Z? can be written uniquely as k = 2k’ + ¢ for some k' € Z¢
and ¢ € @, where @Q is defined in (1.5). Note also that DT, = T, D for each y € R,
Therefore, {DTyp : k € Z} = {TwDT,p : K € Z% q € Q}. Hence V; = S(II), where
Il := {DT,p : ¢ € Q}. This shows that lenV; < 29. The following is Lemma 8 in [16] (see
also [18, Lemma 3.2]), which can be checked easily by the readers (c.f. (3.5) and Lemma 3.2).

Proposition 3.1 ([16]) o(V1) = 20(Vp) (mod 1).

Recall that (1.1), (1.3) and (1.4) imply that Vp and Wy are contained in V;j. Therefore,
Vo and Wy are shift-invariant subspaces of the shift-invariant space V7. We now localize the
shift-invariant subspaces Vo, Wp and V;. Since (DT, p)"(z) = 2727270 (@/2)5(1/2), we
have (DT,p)) = 2742~ (e=™0kp((x 4 k) /2))jez4. Hence, for a.e. x € TY,

|l
VIH:{: = span { ((_1)‘1'743(/3 (L;k»kezd 1q € Q} ,

‘}OHLU = span{(@(:v + k))kGZd} = Span{(mo (%) @ (%k))kezd} . (31)



Similarly,
Wojpe = span { (m1 (22) ¢ (252)) ,pa 1 1 S U<} (3.2)

For q € Q, define P, : (?(Z%) — (2(Z%) via

a i d
(an)(k) = (k), ifke2Z%+q,

0, otherwise.

Then ¢%(Z%) = ©4eqPy(*(Z?)). Define, for each z € T¢ and each ¢ € Q,

z,q = g ((95 (ITk))keZd> : (3-3)
Note that ay 4 is the ‘up-sampled’ version of Q||(z44)/2, 1-€.,

3,42k +4) = Pl|arq)2(k),  if ke ZC, (3.4
g q(k) = if k ¢ 2727 + q.
Therefore,
llaz,qll2zay = 19)@e+q) /212 (z2)- (3.5)
With this notation we have ((—1)7*3((x + k)/2))peza = > peo(—1)7Paz,. On the other

hand,
Pz = (P + k) peza = (mO ( ) ‘ﬁ( +k))keZd = ng (xTJrq) Oz,q- (3.6)

Similarly, for each [ =1,2,--- | n,

Dijje = (1@ + k)peza = > mu () g g (3.7)

qeQ
This shows that Vle = span{} ,co(—1)"Pas, : ¢ € Q}. Since the 29% 2% matrix ((—=1)7P), peo
is invertible, it is easy to see that Vle = span{az 4 : ¢ € Q} [16, 18, 19]. Combining this

with (3.1) and (3.2) and the 1-periodicity of m;,0 <1 < n, we have:

Lemma 3.2 For a.e. v € T¢

Von = span Z mg (:%q) Qg P (3.8)
9€Q
Vle =span{azq:q € Q}, (3.9)

WOHx = span Zml Tq) agqg:1<1<njy,
q€Q



SOHI Az,qq

¢A1||x x QAz.qo
=M (5) 1 (3.10)
wn”z Az,q,q
In particular, for a.e. x € T¢,
dim Vi, = #{auq : auq # 0} (3.11)

Proof. Everything except for (3.11) is already shown. Note that {a,, : ¢ € Q} C (?(Z%),
which is defined in (3.3), is mutually orthogonal even though some a,, may be 0. Now,
(3.11) follows from (3.9). O

Recall that M(z)*M (z) is assumed to be the identity matrix for a.e. z € o(Vy). This

forces, in particular, n > 2% — 1. Let us define, for 0 < i < 29,
A; = {.1‘ S Td : dim Vle = Z} (3.12)

Then o(V) = LH%LAZ-, where W denotes the disjoint union. And, for each 1 <1< 2% —1 and

each kq, ko, - -+, k; such that 1 < ky < kg < --- < k; < 2% define
ki, k
AQ‘li_l L= {x € A2dfl Hgg, = = Qg = O}

Then we have, by (3.11) and the orthogonality of {a; q: ¢ € Q},

A= W bk
1<k <ko<--<ky <24
Let M; be the matrix-valued mapping defined by
() (e g) (e )
mo (2 + %) mo(x+2) - mo(x+%
sy | e mer ) m) |
oo+ ) ma (o4 ) e (o )
Note that, for a.e. x € o(Vp),
Iya = M(x)*M(x) = My(x) + M (x)* M (z), (3.14)



where
mo (z+ %)
My(z) = : (mo (z+4) -+ mo (x—i—q%d))
o (= + %)
= (Mo (z + %) mo (z + %))19‘,352(1 :
Therefore
M1<x)*M1(:C) = IQd — M()(a:) (3.15)

For a matrix A, let A¥F denote the matrix obtained from A by deleting the ky, - - - , k;-th
columns of A, and let A, ... 1, denote the matrix obtained from A by deleting the kq,-- - , k;-th

rows and columns of A, simultaneously. Then, for a.e. z € o(1}),

(My ()P Fy My () ke = Ly ) — Mo(2) gy o gy (3.16)

i

Lemma 3.3 Ifz € TN (o(Vp) + %Zd), then the following hold for each 1 <1 <24 —1 and

for each choice of ki,ka,--- ,k; such that 1 < kj < ko < --- < ky < 24.
(1) rank M (x) = 2¢;
(2) rank M (x) = 2% if and only if Z?il |mo (z+%) ‘2 #1;
(3) rank M (x) = 2% — 1 if and only if Z?il Imo (= + %)}2 =1
(4) rank Ml(x)kl,...,kl = 2% — [ if and only if El§j§2d,j§£{k1,~-,kl} ]mg (:1; + %J) ‘2 £ 1;
(5) rank My (x)kvk =24 | — 1 if and only if Do1<j<2d je {hy e by} Imo (z+ %) |2 =1.

Proof. If z € TN (o(Vo) + 1Z9), then there exist 2’ € o(Vp) and k € Z¢ such that
x =12’ 4+ k/2. We see that M(z) = M(2' + k/2) is a suitable column permutation of the
rectangular matrix M (z’) by (1.6) and by the 1-periodicity of the filters. Since a2’ € o(Vj),
M(2")*M(2') = Iya. Hence, M (x)*M (x) = Iya by the nature of the column permutation of
a rectangular matrix. Therefore, (3.14), (3.15) and (3.16) hold for such z.

(1): The column vectors of M(z) are mutually orthonormal for a.e. z € o(Vp). Hence

rank M (z) = 27,



(2), (3): It is easy to see that Z?il Imo(z + %4)[* is the eigenvalue of the matrix My(x)
with geometric multiplicity 1 and that 0 is another eigenvalue of My(x) with geometric
multiplicity 2¢ — 1. The spectral mapping theorem and (3.15) imply that the eigenvalues of
M (x)*Mi(x) are 1 — Z?il Imo(z + %)|* with multiplicity 1 and 1 with multiplicity 2¢ — 1.
Hence rank M (z) = 2¢ if and only if Z?il Imo(z + %)[? # 1, and rank M; (z) = 27 — 1 if and
only if Z?il Imo(z + L)> = 1.
(4), (5): The proof is similar to the above case if we use (3.16) instead of (3.15). O
Unlike the case of orthonormal wavelets, we may have V; = Wj in most cases of the
wavelet frames from the UEP if n > 1. See Corollary 3.5. We first find the conditions for
Vi = Wy. The corresponding conditions for V3 = Vy + Wy are given in Theorem 3.8, and
those for Vi = Vo & Wy in Theorem 3.9.

Theorem 3.4 Vi =Wy if and only if 3 cq 4, 20 IMo(5 + D2 #1 for a.e. x € T

Proof. Since Wy C Vi, by Corollary 2.2, Vi = Wy if and only if dimVle = dim WOHz for
a.e. v € 0(V1). (3.10) implies that

R Qx,q1
V1)l
a
| = (g) el (3.17)
Unjle
a/xyqzd

Lemma 3.2, (1.9) and Proposition 2.1 imply that Vle = span{a, 4 : ¢ € Q}, and W0||z =
span{z/;jux :1 < j <n}. Recall that {a;q : ¢ € Q} is a set of mutually orthogonal vectors
even though some elements may possibly be 0, and that

241
o(Vi) = Aga W |4 ) ARz (3.18)

=1 1<k <ko<--<k; <24
If # € T¢\ ¢(V1), then Vle = {0} for a.e. such z. Therefore, WOHx = {0} for a.e. such
x by Corollary 2.2. On the other hand, if x € Ag4, then, by definition, dimVle = 24,
Hence, {a;4 : ¢ € Q} forms an orthogonal basis for Vle a.e. by Lemma 3.2. Therefore, for
almost every such z, dim Won = 24 if and only if rank M (z/2) = 2% by (3.17). Similarly,

ifz € Ag}iff"“’kl, then dimVle =24 —Jand, {azq:q € Q\ {@>Thy> -, }} forms an

10



orthogonal basis for Vle. Hence, for almost every such x, dim W0||£ =29 — [ if and only if
rank My (z/2)F1F2 R = 24 [ by (3.17). On the other hand, if z € o(V3), then there exist
2’ € 0(Vy), k € Z% such that = = 22’ + k by Proposition 3.1. Therefore, /2 = 2’ + k/2 € T¢
(recall that we identified T¢ with [0, 1] or with [~1/2,1/2]%). Now, the claimed equivalence

follows from Lemma 3.3. O
Corollary 3.5 If 3 o |mo(5 + D2 #1 for a.e. v € o(V1), then Vi = Wy.

Proof. By Proposition 3.1, for a.e. x € o(V7), there exist 2’ € o(Vp) and k € Z? such that
r =22 +k, ie., 2/2 =2 +k/2 € T Now, by the argument at the beginning of the proof of
Lemma 3.3, M(z/2)*M (x/2) = Iya a.e. x € o(V1). Hence the rows of M (z/2) form a tight
frame for C2* with frame bound 1 by Corollary 1.3.6 of [5]. In particular, the C2"-norm of
any row of M (x/2) is less than or equal to 1. Therefore, 35 . [mo(5 + %)|> < 1. Hence, if
> c0 Imo(£+4)|? # 1, then > 4c0 Imo(%+%)[* < 1 and hence D 4€0,a0.440 Imo(£+9)? < 1.
The corollary now follows from Theorem 3.4. U

We remark that in most of interesting examples of UEP wavelet frames we have Vi = Wy

if it has more than one generators (n > 1). See [13] for one more such an example.

Lemma 3.6 Let U,V and W be shift-invariant subspaces of L*(R?) such that V. C U and
W cU. Then U =V + W if and only if

(1) V 4+ W is closed;
(2) 0HI = A||x + VVHI, for a.e. x € Te.

Proof. (=) (1) is trivial and (2) follows from a slight adaptation of Lemma 3.7 in [15],
where (2) is proved for the case of finitely generated V' and W. Recall that any shift-invariant
subspace has a countable generating set.

(<) Obviously, V4+W C U. If V4+W is closed, then V' + W is a shift-invariant subspace since
V and W are invariant under each shift. Now Condition (2) implies that UHZ c(V+ W)ﬁz

a.e. Therefore, U C V + W by Proposition 2.1. This shows that U = V 4+ W. Condition (2),
again, and Lemma 2.4 imply that V N W = {0}. Hence U =V + W. O

11



Lemma 3.7 The following equalities hold:
Vo =span{ DTy : j <0,k € Z41 <1 <n} =S{Dy:j<0,1<1<n}.
In particular, V3 = Vo + Wy.

Proof. Let X := span{DiTyp); : j < 0,k € Z% 1 <1 < n}. Since {DITyy : j € Z,k €
7% 1 <1 < n}is a tight frame for L?(R?), X is a shift-invariant subspace by Proposition
3.1 in [4] (see also [14, Section 5] for the 1-dimensional case). Recall that Vo and Wy are
subspaces of Vi = D(Vy). Therefore, D’(Vy) and D?(W;) are subspaces of Vj for each j < 0.
In particular, DiTja); € Vp for each j < 0,k € Z% and | = 1,2,--- ,n. This shows that
X is a shift-invariant subspace of Vy. Since D71y € X for each j < 0 and [ = 1,2,--- ,n
S({D’4; : 5 < 0,1 <1<n})C X. On the other hand, D/Ty1); = Ty—j;, DI2p;. This shows
that X C S({D’+; : j < 0,1 <1 < n}). Therefore, we have X = S({D71); : j < 0,1 <1< n})
and X is a subspace of Vy. To show that X = Vj it is enough to show that o (V) C o(X)
since Vo = S({}) is singly generated. Now, suppose that z € o(1}). Recall that we assumed
M(z)*M (z) = Iy a.e. © € 0(Vp). Then, we have

0% Y |p(a+k)P ZZ\ml oz + k)|?

kezad kezd 1=0
=) g +ENP+ DD (G2 + k)P,
kezd =1 kez4d

where we have used the fact that Y, ; [m;(z)|*> = 1, which is the norm squared of one of the
columns of M (z) in (1.6), and Equations (1.1) and (1.4). Suppose that > ;" >~ 74 b (2(z+
k))|? # 0. Then, obviously, z € ¢(X), since ﬂl(ﬂv) — Dv)y;. Suppose, on the other hand,

that 337 ez [i(2(z+k))[2 = 0. Then, we have 0 # 3y cza |22 +K)[2 = ¥peza |2(2(x +
k))|?. This implies that 2z (mod 1) € o(Vp). Therefore, > |[m(2x)|? = 1. Hence we have

O#Z\tpx—i—k Z|<p (x+k)) ZZ‘mZQJB 2(z + k)

kezd kezd kezd 1=0
=Y @@+ E)P+D D (2 (z + k)%
kezd =1 keczd

12



By repeating the previous argument, we have either x € o(X) or 22z (mod 1) € ¢(Vj). Either
this process stops after a finite number of times to give the desired result that = € o(X), or

we have

04 S 16w+ B2 = 3 162« + k) (3.19)

kezd kezd
for all j € N. Now, let E := {z € o(V}) : (3.19) holds for all j € N}. If we integrate the

middle term of (3.19) over E, then we have [, 4 |¢(z)|?dz. On the other hand, if we
integrate the right-most term of (3.19) over E, we have
JDCEERE IR D Sl Ol =L st E
E kega kezd ¥ EHk
for all j € N. This shows that the Lebesgue measure of E + Z% is 0 and so is the Lebesgue
measure of E. Hence we have shown that o(Vp) C o(X) a.e. This completes the first part
of the lemma. For the second part of the lemma we argue as follows. V; = D(V))) = D(X).

Hence

Vi =span{ DTy : j <0,k € 24,1 <1 < n}

=span{Tp; : k € Z% 1 <1 < n} +span{DiTyy; : j < 0,k € Z4,1 <1 < n}

=Wo+ X =Wo + V.

O
We now characterize the case where V4 = Vy + W, under the assumption that Vo + W is

closed. See [17] for the condition for the closedness of the sum of two shift-invariant spaces.

Theorem 3.8 Suppose Vo+ Wy is closed. Then Vi = Vo +Wy if and only if, for a.e. x € T¢,

+ .
Zléjﬁd,az,qﬂéo ‘m0<x 2% )\2 =1 oro0.

Proof. From the assumption that Vy + Wy is closed we have V; = Vj + Wy by Lemma 3.7.
Now, for a.e. z € T¢, VOHQC + WOH:E C Vle since Vg and Wy are shift-invariant subspaces of
Vi; and also Vle =W+ I/Vo)ﬁz - VOHz + WOH:E. Hence Vle = Von + WOHx a.e. Therefore,
Vi = Vo + Wy if and only if Vb”x N Won = {0} a.e. by Lemma 3.6. Since we already have
Vle = VOHJ; + W(]Hx a.e., and since Vle is finite dimensional a.e., V4 = Vy + Wy if and only
if dim Vi, = dim Vo), + dim Woj, a.e. We first show that dim Vi), = dim Vy, + dim Wy,

a.e. if and only if the following two conditions are satisfied:
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(1) 2311 Imo(P52)[2 =1 or 0 for ae. = € Ag;

(2) For each [ = 1,2,---,2% — 1 and for each choice of ky,ko,--- ,k; such that 1 < kj <
k27"' 7<kl§2d7

4+ 0
Z ‘m()( —;q]>‘ =1 or 0 for a.e. xEA’;ﬁl’k'
1< <24, j¢{k1, ki }

If x € T¢\ ¢(V1), then obviously Vle = VOHx = WOHx = {0}. Hence there is nothing to
prove.

If 2 € o(V4), then there exists ' € o(Vp) and k € Z such that @ = 22/ + k by Proposition
3.1. Hence x/2 = 2/ + k/2. Recall (3.18). Suppose that x € Ayq. In this case dimVle =27,
Hence {a, 4 : ¢ € Q} is an orthogonal basis for Vle by Lemma 3.2. Recall that 1} is singly
generated. Therefore, dim V()Hx = 0 or 1. This shows that:

& Z Imo (4 +%)|" =0, rank M; () =27 (by (3.8), (3.10), (3.13))

& E |mo (5 + %) ‘2 =0 (by Lemma 3.3).

Similarly,
dlmVOHz = 1 dimWOHa: = 2d —1
& Z Imo (% + %)|° #0, rank M; (£) =27 — 1 (by (3.8), (3.10),(3.13))
& Z Imo (% + %)‘2 =1 (by Lemma 3.3).
If x € A];lz’ y Kt then dim Vle =27 [ and Qz,qy, = "** = Qaq, = 0. Therefore, {24 :q ¢
Qk15Qksy " * 5 QK 1S an orthogonal basis for Vl z- Now, similar argument shows that:
12 Gk 1 I

dim Vo, = 0, dim Wy, = 2% — 1

& > Imo (% + %)|° =0, rank My (2)"7 7 = 29
1§j§2d7j¢{k17'“7k}
s Y G-

1<5<24,5¢{k1,- ki }
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Likewise, we have:

dlm%Hx = 1, dimWOHz = 2d —1—-1

& Z ‘mo (%—I—%)‘Q#O, rank M; (%)kl’m’kl =2¢_1-1
1<5<24,5¢{k1, ki }
s Y ImG+yI =1

1§]S2d7‘7¢{k17 7kl}

This shows that V; = Vj + W, if and only if Conditions (1) and (2) are satisfied. Obviously,

“ . . Jr .
Conditions (1) and (2) are equivalent to Zl§j§2d,aw,qj¢o Imo(254)[2 = 1 or 0 a.e. O
We now characterize conditions for V4, = Vy & Wy, which are simpler than those for
Vi =V + W

Theorem 3.9 Vi = Vo & Wy if and only if

2d
> mo (754 ) i (754 ) s Iagze) = 0 (3.20)
j=1

for a.e. x and for each i =1,2,--- n.

Proof. Recall that V43 = Vyj+ Wy by Lemma 3.7. If Vj L Wy, then Vy + Wy is closed.
Therefore, V7 = Vi & Wy. On the other hand, If V; = Vy & Wy, then obviously Vy L Wy. It

is easy to see that Vo L Wy if and only if ¢y, L 1/31 for each i = 1,2,--- ,n and for a.e.

||l

x € T [1]. The orthogonality of {agg 11 <5< 24} and Equations (3.6) and (3.7) imply
that @), L ), if and only if (3.20) holds. O

4 Proof of Theorem 1.2

In this section we apply the results in Section 3 to give a proof of Theorem 1.2. Note that
we only deal with the univariate case in this section.
We first prove the first part of Theorem 1.2. Let mg and m; be trigonometric filters such

that
mo(z) mo (z+ 1
M(zx) := o) D( 2)
mi(z) m (z+3)
is a unitary matrix for each z € T. Note that mo(0) =1 by (1.1) and (1.2). If we define ¢,

as usual, via $(z) = [[72, mo(277z) for z € R, then ¢ is a compactly supported refinable
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function in L?(R) [9, Section 6.2]. In particular, ¢ is an entire function of exponential type

by a theorem of Paley and Wiener. Thus, ¢ satisfies the following conditions:

p(22) = mo(z)p(2), = € R;

P(0) = 1;
Z |@(z + k)|* is a trigonometric polynomial.
keZ

In particular, Y, ., |¢(z + k)| has at most a finite number of zeros since it is not identically
zero. If we define ¢ € L2(R) via ¢)(2z) := my(x)@(z), then {DITy : j k € Z} is a wavelet
frame for L?(R) by the UEP (Proposition 1.1). Moreover, v is also compactly supported,
and ) ;.7 lih(z + k)|? is also a trigonometric polynomial [9, Section 6.2]. Define, as usual,
Vo :=S({e}), Wo :=S({¥}), V; := DI (Vg), and W; := DI (W) for j € Z. We then have the
following direct sum decomposition of Vj. Surprisingly enough, this simple fact has a rather

long proof throughout this subsection.
Proposition 4.1 Vi = Vy + Wy. In particular, Vo + Wy is closed.

For the convenience of computation we adopt the following notations. Let F(x) :=
ez 80z + B2, P@) = Syeg [ + k), o) = Imo(@)? and g () = ma (2)]%. Note
that F, P, o and p; are all non-negative trigonometric polynomials. Finally, if f(z) =0, we
let ord(f,x) denotes the order of the zero at x of f.

The following lemma holds since the matrix M (x) is unitary for each z € T.
Lemma 4.2 For each x € T the following hold:
(1) ole) + o (2 + 1) = 1;
(2) mo(z)mi(z) + mo (z+ 3) Wy (z+ 3) =0;
B) m@) +m (z+3)=1;
(4) po(x) + () = 1.

Note that o(Vp) = T. Hence o(V1) = T by Proposition 3.1. If we assume that Vo + Wy is
closed, then Vi = Vj + Wy by Theorem 3.8 since |mg(z)|? + [mo(z + 3)[* = 1 a.e. Hence, we
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only need to show that Vg + Wy is closed in order to complete the proof of Proposition 4.1.

The proof is rather long and technical.
Lemma 4.3 Suppose that F(xzg) =0 for some xg € T. Then,
(1) F(ZC()-F%) #0 anduo(l‘o—i—%) =0;

(2) There exists a non-trivial cycle {xo, 21, - ,xn} C T of zeros of F such that x; =

2211 (mod1),0 < j <n, where x,41 := zo;
(3) ord(F,zx) < ord (o (- +3) ., 2k41) , 0 < k < m;
(4) ord(F,xy) is the same for all k =0,1,--- ,n;
(5) ord(F,zx) < ord (o (- + 3) . zx)-
Proof. By a standard argument we note that
Fe) = o (§) F (2) 410 (5+ 1) F (5 + 1) (w1

Then (1) and (2) follow if we apply Steps 2, 3, 4 and 5 in the proof of Theorem 6.3.5 in [9]
o (4.1). Suppose that F'(z;) = 0. Since zy = 2441 (mod 1) and F' is 1-periodic, we have

0= F(z) = F(2xp11) = po(zrr1) F(wp1) + po (21 + 3) F (2r41 + 3) - (4.2)

Moreover, (1) implies that F’ (a:k+1 + %) # 0 and pyg (l‘k+1 + %) = 0 since F(zk4+1) = 0. Thus
to(rk+1) =1 # 0 by Lemma 4.2 (1). From (4.2) we have, for k =0,1,--- ,n,

ord(F, zj) = min {ord(F7 Zgt1),ord (,uo ( + %) ,xk+1)} . (4.3)
Therefore (3) holds. (4.3) also implies that

ord(F,zg) < ord(F,z1) < --- < ord(F,zy,) < ord(F, xp),
which proves (4). Finally, (3) and (4) imply (5). O

Lemma 4.4 {T}¢) : k € Z} is a Riesz basis for Wy. In particular, P(x) # 0 for each x € T.
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Proof. By a standard result (see [9, Equation (5.3.2)] for example) it suffices to show that
there exist positive constants A and B such that A < P(z) < B a.e. z € T in order to
prove that {Tyy : k € Z} is a Riesz basis for Wj. Since P is a non-negative trigonometric
polynomial, we only need to show that P has no zero. Suppose, on the contrary, that P(z) =0

for some =z € T. Again, by a standard argument, we have

0=P@)=pm(3)F(3)+m(G+3) F(5+

I8
N[ —

).
11 (%) F (%) =0 and (% + %) F (% + %) = 0 since u; and F' are non-negative trigono-

metric polynomials,. Suppose that F (%) = 0. Then, by Lemma 4.3 (1), F (% + %) =% 0 and
to (% + 3) = 0. Lemma 4.2 (4) implies that py (£ 4 3) = 1. Therefore, 1 (£ 4+ 3) F (2 + 1) #
0, which is a contradiction. Suppose, on the other hand, that wy (%) = 0. Then u, (% + %) =
1 # 0 by Lemma 4.2 (3). This forces that F' (% + %) = 0. Thus, uo (%) = 0 by Lemma
4.3 (1). Lemma 4.2 (4) now implies that 4 () = 1 # 0, which is a contradiction. These
contradictions show that P has no zeros, which completes the proof. O
We now give a proof of the first part of Theorem 1.2. As noted before it remains to show

that Vo + Wy is closed. We use Proposition 2.3. The Cauchy-Schwarz inequality implies that

the 1-periodic trigonometric rational function

Fa) = ‘<¢Hx,¢||x>
1B 112117 2y 1912 1 2

2

has a removable singularity at the point where the denominator vanishes. Hence it defines
a continuous function on the compact set T. If we show that at each point x € T the value
of the periodic function f(z) is strictly less than 1, then the proof will be complete. Recall
that Q = Z/27Z = {0,1} since we are working in L*(R). For x € T, define a, o and a, 1 as in
(3.4), i.e.,

aa:,O(Qk) - (15 (%72]6) ;
a02k+1) = 0
ol ) (4.4)
ag1(2k+1) = ¢ (T,
a171(2k) = 0

18



Recall that

@Hx =my (%) Ax.0 + mo (% + ) az.1,

1
2
Do =ma (5) ago +ma (% + 1) asa,

||ax,0||§2(z) =F (%), and also that ||a171\|?2(z) =F (% + %) The orthogonality of {ay 0, az1}
and Lemma 4.2 (1) implies that

= o (557) (F (557) = F (3)) + F (5).- (4.5)

By symmetry,

) (F(5) = F(50) + F (%) (4.6)

M

H@Hx”%(z) = Ho (

Similarly,

Likewise, the orthogonality of {a;0,a,1} and Lemma 4.2 (2) implies that

N 2
(Bt B )| = Imo (3) 71 (3) F (5) +mo (25w (232) F (251)
= |-mo (=54) mr (=5)
1

= o (%51) i (55) |F (551) - F (3)"- (4.9)

By symmetry,
2 X x T x 2
= o (3)m (3) [F(55) - F(5)["- (4.10)

(@it By )

Now let g be any element of T. Since f has at most a finite number of removable singularities,

f(zo) = limy_z, f(x).

We divide into two cases. Let us define, temporarily, a(z) := F(%H) — F(%). Suppose

that a(xg) > 0. In this case, we again divide into two subcases. First, suppose that F'(%) # 0.

Then, since F), ug, 11 and a have at most a finite number of zeros, by using (4.5), (4.7) and
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The last inequality follows since all terms in the numerator and the denominator are non-
negative and F'(%}) is assumed to be positive. Suppose, on the other hand, that F' (%) =0.
Then, F (xOTH) #+ 0, o (‘EOTH) = 0 by Lemma 4.3 (1), po (%) = 1 by Lemma 4.2 (1), and
1 (’”OTH) = 1 by Lemma 4.2 (4). Moreover, there exists « € R such that

by Lemma 4.3 (5). In particular, a(zg) > 0. Since F,pug, 1 and a have at most a finite

number of zeros, by using (4.5), (4.7) and (4.9), we have

f(xo) = lim f(x)

T—T0

— lim Ho (ITH) M1 (%H) a(z)?
o () i D) e+ o (B50) F (3) o) + r (B2 F (3) a(0) + O3
41
iy “frirb () ooy
= Jim o
(i (2 o) + o (252 ) + g (552 ali) + FIE)

o (457) a(an)?
apn (257) a(xo)® + po (*57) alzo) + i (257) a(zo) + F(3)
aa(zo)?

= aa(z0)? + a(wo) .

The last inequality follows since all terms involved are non-negative and a(zg) > 0.

The case that F(xOTH) — F(%) < 0 can be handled similarly by using (4.6), (4.8) and
(4.10). This completes the proof of the first part of Theorem 1.2.

We now prove the latter part of Theorem 1.2. Suppose we construct a wavelet tight

frame for L?(R) by using n + 1 trigonometric filters with n >. Recall that Q = {0, 1} since
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we are now working in L?(R). Note that |mo(z)[* + |mo (z + %) |?> — 1 is a trigonometric
polynomial. Hence either it is identically zero or it has only finitely many zeros. Therefore,
either |mo(z)|? + [mo (z+3) |> = 1 for each z € T or [mo(x)> + |mo (z+3) [* # 1 ae.
Suppose that |mg(z)|? + |mo (z+ 1) |> = 1 for each z € T. Then Lemma 3.3 (3) implies
that rank M;(z) = 1 for a.e. x € o(Vp). Since Mi(z) is an n x 2 matrix and |o(Vp)| > 0,
the linear dependence condition in Theorem 1.2 holds on a set of positive measure. Since
m;’s are trigonometric polynomials, the linear dependence condition holds on T. Suppose,
on the other hand, that |mo(z)|? + |mo (z + 3) [* # 1 a.e. Then V; = Wy by Corollary 3.5.
In particular, if mg(z) = cos?® 7z, then cos™ (%) + cos™(ZE + Z) < 1 a.e. « € T. Therefore,

V1 = Wy by Corollary 3.5.

5 Proof of Theorem 1.3

In this section we prove Theorem 1.3. Recall that 1 := ¢ is defined in (1.8) and ¢y(2z) :=
my(x)p(x) for I = 1,2,--- ,n := 2k, where the filters m;’s are defined in (1.7). Since ¢
is compactly supported and the filters are trigonometric polynomials, 1; is also compactly
supported for each I. Moreover, ¢, is defined for each x € T and §), # 0 for each z € T
[6, Theorem 4.5]. Define F(z) := ]|gb||x|\§2(z) =Y ez [@(z + k)[>. A well-known result shows
that F' is a trigonometric polynomial, and so is ||1Z}l||a:”?2(z) for each I = 1,2,---,2k. Hence
F is strictly positive and continuous, and Hz/AJleH?Q (z) is non-negative and continuous on the
compact set T. Recall that we define Wél) = SH{{i}), Wo = Wéo), Wy :i=S{y : 1 =
1,---,2k}), and Vi = D(Vp), where D is now the 1-dimensional dyadic dilation operator.
Hence o(Vp) = T, and Theorem 1.2 implies that Wy = V;. Recall also that @ = {0,1} since
we are working in L?*(R) and that a, o and a, ; are defined in (4.4).

In particular az0 L az1 and ($(2E2))rez = apo @ az1. Since Oi(z) = my(x/2)p(x/2),
szl\lx =my(z/2)azo ® my(z/2+ 1/2)ay, for each | =0,1,---,2k. (3.9) implies that Vle =
span{ag. 0, az 1}, and (3.5) implies that dim Vle =2foreach x € T. For 0 < j < i < 2k
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define

03/2 sini(%x) cosZk (%) /2 cosi(%)(—l)%_Z sm%*l(%z)
e/ sind () cos? =1 () ¢}/ cosd () (—1)27 sin 7 (72) |
where ¢; 1= (2Zk) and c; := (2;“) Then we have
. .
) a3 (). =
ijx Qg1
Now,
det M, (%) _ C}/chl/z (Sin2k7i+j (%) cosZk—iti (%) (_1)2k7i)
X ((—1)i_j sin?(—7) (%) — cos?(i=9) (%)) .
Let us identify T with [-1/2,1/2]. Then, det M;;(z/2) = 0 if and only if
x==1/20r0, ifi—jiseven andi—j # 2k,
T =+1/2, if i — j = 2k, (5.2)

x =0, if ¢ — 7 is odd.

In particular, det M;;(xz/2) # 0 a.e., and hence rank M(x/2) = 2 a.e. This shows that
dimspan{zﬁiﬂx,lﬁjnx} = 2 a.e. Recall that span{&ium,lﬁjnx} - Vle and that dim Vle =2
for each € T. Since S({t,v;}) = W + W, W) + W = 14 by Corollary 2.2. The

—_—

determinant condition also implies that Wo(i)H LN Wéj )||1‘ = {0} a.e. Hence Wo(i) N Wéj ) = {0}
by Lemma 2.4. This shows that, for 0 < j < i < 2k, W\" + W) = Vj if and only if
Wéi) + Wo(j ) is closed. Therefore, we only need to show that Woi) + Wéj ) is closed if and only

if i — j is odd and 7 < k < ¢ in order to complete the proof of Theorem 1.3.
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Using (5.1) we have

2
= ciey [sin™ () cos™ 7 (%) F (3)

‘@inxv 1/33'\\%>z2(2)

HEHT cos™ () sint I () F ()] (59
[iliallZo ) = cisin® (%) cos™ 2 (%) F (3)

+ercos® (%) sinh 2 () F (241). (5.4
||1/;j\|:c||g2(2) = ¢;sin® (%) cos'% (%) F (5)

+ ¢jcos™ (ZE)sin® % (22) F (ZfL). (5.5)

For 0 < j < i < 2k, define
E;; = {x €0 (Wé")) No <W(§i)) : lﬁin and wAij are linearly independent} ;

and
2

o
1110 132 2 19522

9ij ()

Recall that F(x) > 0 for each € T. Therefore, (5.4) or (5.5) implies that O'(Wél)) =T if
Il =0o0r! =2k and O'(Wéi)) =T\ {0} if 0 <! < 2k. Hence we have E;; = T\ {z € T :
det My;(z/2) = 0}. Note that, by (5.1), neither 1)

|| DOT @bAij,C is 0 if x € Ejj since az # 0,
az1 7 0 and azo L a1 for each z € T. We note that the numerator and both terms
in the denominator of g;; are trigonometric polynomials. The Cauchy-Schwarz inequality
implies that g;; has a removable singularity at the points where the denominator vanishes.
In particular, g;; defines a continuous function on the compact set T.

Now, suppose that 0 < j < i < 2k and i — j is even. (5.2) implies that zﬁinx and wAij
are linearly dependent at x = +1/2. Moreover, (5.4) and (5.5) imply that neither @-Hx nor
wAij are 0 at x = £1/2 since F'(z) > 0 for each x € T. Hence g;;(£1/2) = 1 by the equality
condition of the Cauchy-Schwarz inequality. Since g;; is continuous, lim,_, /9 gij(z) = 1.
Hence ess-sup,cp,; g(x) = 1. Proposition 2.3 implies that Wéi) + Wéj ) is not closed.

Suppose, on the other hand, that 0 < j < i < 2k and ¢ — j is odd. (5.2) implies that
E;j = T\ {0} and g;j(z) < 1 for € E;; by the equality condition of the Cauchy-Schwarz

inequality. Since g;; is continuous on the compact set T, Wéi) + Wéj ) is closed if and only if
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lim, .0 g;j(x) < 1 by Proposition 2.3. We divide into two subcases: i+ j < 2k and i +j > 2k.
(i + j cannot be 2k since i — j is assumed to be odd.)
We first consider the case: j < i, i—j is odd, and i+j < 2k. In particular, i+j < 4k—i—j.
Hence the right-hand side of (5.3) becomes
1= cie sin ) (5 [eos T () F (5) = cos™ () sin®t 204 () F (542)]
If, moreover, 2i < 4k — 2i and 2j < 4k — 27, then the right-hand side of (5.4) becomes
B i=cisin® (%) (cos™ 2 () P (5) + cos™ () sin " () F (551) )
and that of (5.5) becomes

ooy (5) (o (57) P (5) + oo () s (5) F (53)).

Hence
) a  F(0)?
Y gig () = lim 7= = F(0)2 ~

since 2k — 25 > 0,2k —2¢ > 0 and F'(0) > 0. Hence Wo(i) + Wéj) is not closed by Proposition
2.3.
If, 20 > 4k — 2i and 25 < 4k — 27, then the right-hand side of (5.4) becomes

§ = cosin® 2 () (s (%) cos™ 2 () F(5) + o™ () F (551) ).

Then, a/(6y) = sin®™4* (ZZ) x (x) if 20 > 4k — 2i and 2j < 4k — 24, where (*) denotes a
quantity that is irrelevant in our calculation. In this case lim, .o a/(d7) = 0. On the other

hand, if 2 = 4k — 2i and 2j < 4k — 27, then «/(dy) becomes
oot (5) F (5) —sn=29 (35) x o
cos? (5) (F (5) + F (#37)) (cos™ 2 () F (5) +sin™Y (5) x (x))

As z approaches 0 the above quantity becomes F'(0)/(F(0) + F'(1/2)) < 1 since F(0) > 0
and F'(1/2) > 0. Hence

. o 0, if 26 > 4k — 20, 2§ < 4k — 2j,
0y 97 )—}E})g O 2 =4k — 20 2 <4k —2j
FoFrap <L Wwa=4k—2, 2) <4k —27,
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If 2¢ > 4k — 2¢ and 2§ > 4k — 27, then ¢ + 5 > 2k, which is impossible since we assumed that
1+ 7 < 2k. We have just shown that, under the assumptions that j < ¢, ¢ — j is odd, and
i+ 7 < 2k, W@ 4+ W is closed if and only if j < k < i.

We now consider the case that j < ¢, ¢ — j is odd, and ¢ + j > 2k. In particular,
i+j >4k — i — j. Then, the right-hand side of (5.3) becomes

2

G = iy sin 00 (5F) s (5 cos®™ 0 () (5) — cos™ () F (57)]

If 20 > 4k — 2i and 25 > 4k — 2j, then the right-hand side of (5.4) becomes ¢ and that of
(5.5) becomes
ni= cpsin® (%) (sin' 1 () cos™ ¥ () F (§) +cos” () F (552) ).

Hence

since F'(1/2) > 0.

On the other hand, if 2i > 4k —2i and 2j < 4k — 23, then g;;(x) = ¢/(67) = sin* =4 x (x).
Hence lim, g g;;(x) = 0.

If 26 > 4k — 2i and 2j = 4k — 2j, then g;;(x) = ¢/(67) and it becomes

() x () -0 () F ()] |
(™ () x () + cos? () F (551)) cos® () (F (3) + F (530)

Hence
F'(1/2)
o)+ F1/2) <!

since F'(0) > 0 and F(1/2) > 0. Finally, if 2i < 4k — 2i and 2j < 4k — 2j then i + j < 2k,

lim gij (.%) =
x—0

which is impossible since we assumed that ¢ + j > 2k. We have just shown that, under the
assumptions that j < 4, ¢ — 7 is odd, and ¢ 4+ 5 > 2k, WO + W is closed if and only if
j < k < i. If we combine this fact with that we proved earlier, we have: If j < i, then
W@ + W@ is closed, and hence V; = WU + W _if and only if i — j is odd and j < k < i.
O
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